Let E{F be an unramified quadratic extension of local non archimedean fields of characteristic 0. Let H be an algebraic reductive group, defined and split over F. We assume that the split connected component of the center of H is trivial. Let pτ, V q be a HpFq-distinguished supercuspidal representation of HpEq. Using the recent results of C. Zhang [Z], and the geometric side of a local relative trace formula obtained by P. Delorme, P. Harinck and S. Souaifi [DHS], we describe spherical characters associated to HpFq-invariant linear forms on V in terms of weighted orbital integrals of matrix coefficients of τ .
Introduction
Let E{F be an unramified quadratic extension of local non archimedean fields of characteristic 0. Let H be an algebraic reductive group, defined and split over F. We denote by G :" Res E{F H {E the restriction of scalars of H {E . Then G :" GpFq is isomorphic to HpEq. We set H :" HpFq. We denote by σ the involution of G induced by the nontrivial element of the Galois group of E{F.
An unitary irreducible admissible representation pπ, V q of G is H-distinguished if the space V˚H " Hom H pπ, Cq of H-invariant linear forms on V is nonzero. In that case, a distribution m ξ,ξ 1 , called spherical character, can be associated to two H-invariant linear forms ξ, ξ 1 on V (cf. (2.1)). By ( [Ha] Theorem 1), spherical characters are locally integrable functions on G, which are H biinvariant and smooth on the set G σ´reg of elements g, called σ-regular points, such that g is semisimple and g´1σpgq is regular in G in the usual sense.
We assume that the split component of the center of H is trivial. Let pτ, V q be a H-distinguished supercuspidal representation of G.
The aim of this note is to give the value of a spherical character m ξ,ξ 1 pgq, when g P G is a regular point for the symmetric space HzG and ξ, ξ 1 P V˚H, in terms of weighted orbital integrals of a matrix coefficient of τ (cf. Theorem 3.1 ). This result is analogous to that of J. Arthur in the group case ([Ar1] ). Notice that this result of J. Arthur can be deduced from his local trace formula ( [Ar2] ) which was obtained later.
We use the recent work of C. Zhang [Z] , which describes the space of H-invariant linear forms of supercuspidal representations, and the geometric side of a local relative trace formula obtained by P. Delorme, P. Harinck and S. Souaifi [DHS] .
Spherical characters
We denote by C 8 c pGq the space of compactly smooth functions on G. We fix a H-distinguished supercuspidal representation pτ, V q of G. We denote by dpτ q its formal degree.
Let p¨,¨q be a G-invariant hermitian inner product on V . Since τ is unitary, it induces an isomorphism ι : v Þ Ñ p¨, vq from the conjugate complex vector space V of V and the smooth dualV of V , which intertwines the complex conjugate of τ and its contragredienť τ . If ξ is a linear form on V , we define the linear form ξ on V byξpuq :" ξpuq. For ξ 1 and ξ 2 two H-invariant linear forms on V , we associate the spherical character m ξ 1 ,ξ 2 defined to be the distribution on G given by
where B is an orthonormal basis of V . Since τ pf q is of finite rank, this sum is finite. Moreover, this sum does not depend on the choice of B. Indeed, let pτ˚, V˚q be the dual representation of τ . For f P C 8 c pGq, we setf pgq :" f pg´1q. By ([R] Théorème III.3.4 and I.1.2), the linear form τ˚pf qξ belongs toV . Hence we can write ι´1pτ˚pf qξq " ř vPB`τ˚pf qξ˘pvq¨v where pλ, vq Þ Ñ λ¨v is the action of C on V . Therefore we deduce easily that one has m ξ 1 ,ξ 2 pf q " ξ 2`ι´1 pτ˚pf qξ 1 qq.
Since τ is a supercuspidal representation, we can define the HˆH-invariant pairing L on VˆV by
For v, w P V , we denote by c v,w the corresponding matrix coefficient defined by c v,w pgq :" pτ pgqv, wq for g P G.
2.1 Lemma. Let ξ 1 , ξ 2 P V˚H and v, w P V . Then we have
Proof : By (2.3), there exist v 1 and v 2 in V such that ξ j " ξ v j for j " 1, 2. By definition of the spherical character, for f P C 8 c pGq and B an orthonormal basis of V , one has
Hence we obtain
Let f pgq :"č v,w pgq " pτ pgqw, vq. By the orthogonality relation of Schur, for h 1 , h 2 P H, one has ż G pτ pgqτ ph 2 qv 2 , τ ph 1 qv 1 qpτ pgqw, vqdg " dpτ q´1pτ ph 2 qv 2 , wqpv, τ ph 1 qv 1 q.
Thus, we deduce that m ξ 1 ,ξ 2 pf q " dpτ q´1ξ w pv 2 qξ v 1 pvq " dpτ q´1ξ 1 pvqξ 2 pwq.
Main result
We first recall some notations of [DHS] to introduce weighted orbital integrals. We refer the reader to ([RR] §3) and ( [DHS] §1.2 and 1.3) for the notations below and more details on σ-regular points. Let D G be the usual Weyl discriminant function of G. By ( [RR] Lemma 3.2 and Lemma 3.3), an element g P G is σ-regular if and only if D G pg´1σpgqq ‰ 0. The set G σ´reg of σ-regular points of G is decribed as follows. Let S be a maximal torus of H. We denote by S σ the connected component of the set of points γ P Res E{F S {E such that σpγq " γ´1. We set S σ :" S σ pFq. By Galois cohomology, there exists a finite set κ S Ă G such that HS σ X G " Y xPκ S HxS σ . By ( [RR] Theorem 3.4) and ( [DHS] (1.30)), if g P G σ´reg , there exist a unique maximal torus S of H defined over F and 2 unique points x P κ S and γ P S σ such that g " xγ. We denote by M the centralizer of the split connected component of S :" SpFq. Then M is Levi subgroup, that is the Levi component of a parabolic subgroup of H. We define the weight function w M on HˆH by w M py 1 , y 2 q :"ṽ M p1, y 1 , 1, y 2 q, whereṽ M is the weight function defined in ( [DHS] Lemma 2.10) and 1 is the neutral element of H. For x P κ S , we set d M,S,x :" c M c S,x where the constants c M and c S,x are defined in ( [DHS] (1.33)).
For f P C 8 c pGq, we define the weighted orbital integral of f on G σ´reg as follows. Let g P G σ´reg . We keep the above notations and we write g " xγ with x P κ S and γ P S σ . We set
f py 1 gy 2 qw M py 1 , y 2 qdy 1 dy 2 .
Theorem. For v, w P V , we have
WMpc v,w qpgq " m ξw,ξv pgq, g P G σ´reg .
Proof : Let f 1 be a matrix coefficient of τ and f 2 P C 8 c pGq. We set f :" f 1 b f 2 . Let R be the regular representation of GˆG on L 2 pGq given by rRpx 1 , x 2 qΨspgq " Ψpx´1 1 gx 2 q. Then Rpf q is an integral operator with smooth kernel K f given by K f px, yq " ş G f 1 pxuqf 2 puyqdu. As in ( [DHS] §2.2), we introduce the truncated kernel
where upx, T q is the truncated function of J. Arhur on H (cf. [DHS] (2.7)). It is the characteristic function of a compact subset of H, depending on a parameter T in a finite dimensional vector space, which converges to the function equal to 1 when }T } approaches 8. We will give the spectral asymptotic expansion of K T pf q. For x P G, we define
where ρ is the right regular representation of G. If π is a unitary irreducible admissible representation of G, one has
Since τ is supercuspidal and f 1 is a matrix coefficient of τ , we deduce that π`ρpyx´1qhȋ s equal to 0 if π is not equivalent to τ . Therefore, applying the Plancherel formula ( [W2] Théorème VIII.1.1.) to " ρpyx´1qhsˇ, we obtain K f px, yq " dpτ qtr`τ pf 1 qτ pxqτ pf 2 qτ py´1q˘.
We identifyV b V with a subspace of Hilbert-Schmidt operators on V . Taking an orthonormal basis B HS pV q ofV b V for the scalar product pS, S 1 q :" trpSS 1˚q , one obtains K f px, yq " dpτ qtr´τ pf 1 qτ pxqτ pf 2 qτ pyq˚¯" dpτ qpτ pf 1 qτ pxqτ pf 2 q, τ pyqq " dpτ q ÿ SPB HS pV q pτ pf 1 qτ pxqτ pf 2 q, S˚qpτ pyq, S˚q " dpτ q ÿ SPB HS pV q tr`τ pxqτ pf 2 qSτ pf 1 q˘tr`τ pyqSq, where the sums over S are finite since τ pf 2 q and τ pf 1 q are of finite rank. Therefore, the truncated kernel is equal to
Forv b v PV b V , one has tr`τ phqpv b vq˘" cv ,v phq. Since cv ,v is compactly supported, the truncated local period P T τ pSq converges when }T } approaches infinity to
Therefore, we obtain lim }T }Ñ`8
where m Pτ ,Pτ is the spherical character of the representationτ b τ associated to the HˆH-invariant linear form P τ onV b V .
By ( [DHS] Theorem 2.15), the truncated kernel K T pf q is asymptotic to a distribution J T pf q as }T } approaches`8 and the constant termJ pf q of J T pf q is explicitly given in ( [DHS] Corollary 2.11). Therefore, we deduce that dpτ qm Pτ ,Pτ pf q "Jpf q.
(3.2)
We now express m Pτ ,Pτ in terms of H-invariant linear forms on V . Let V H be the orthogonal of V˚H in V . Since ξ u pvq " ξ v puq for u, v P V , the space V H is the kernel of v Þ Ñ ξ v . Let W be a complementary subspace of V H in V . Then, the map v Þ Ñ ξ v is an isomorphism from W to V˚H and pu, vq Þ Ñ ξ v puq is a nondegenerate hermitian form on W . Let pe 1 , . . . , e n q be an orthogonal basis of W for this hermitian form. We set ξ i :" ξ e i for i " 1, . . . , n. Thus we have ξ i pe i q ‰ 0. We identify V andV by the isomorphism ι. We claim that
Indeed, we have P τ pv b uq " ξ v puq " ξ u pvq. Hence, the two sides are equal to 0 on V b V H`V H b V`V H b V H and take the same value ξ k pe l q on e k b e l for k, l P t1, . . . nu. Hence, by definition of spherical characters, we deduce that
where o.b.pV b V q is an orthonormal basis ofV b V . By definition ofξ for ξ P V˚H , one hasξpτ pf 1 quq " ξpτ pf 1 qq. Therefore, we obtain
Let v and w in V . Let f 1 :" c v,w so thatf 1 "č v,w . . If v P V H or w P V H , it follows from Lemma 2.1 that m ξ i ,ξ j pf 1 q " 0 for i, j P t1, . . . , nu, hence m Pτ ,Pτ pf 1 b f 2 q " 0. Thus, we deduce from (3.2) thatJ pc v,w b f 2 q " 0, v P V H or w P V H . (3.5)
Let k, l P t1, . . . , nu. We set f 1 :" c e k ,e l , hencef 1 "č e l ,e k . By Lemma 2.1, one has m ξ i ,ξ j pf 1 q " dpτ q´1ξ i pe l qξ j pe k q. Therefore, by (3.2) and (3.4) we obtaiñ Jpc e k ,e l b f 2 q " m ξ l ,ξ k pf 2 q. (3.6) By sesquilinearity, ones deduces from (3.5) and (3.6) that one has Jpc v,w b f 2 q " m ξw,ξv pf 2 q v, w P V.
(3.7)
Let g P G σ´reg . Let pJ n q n be a sequence of compact open sugroups whose intersection is equal to the neutral element of G. The characteristic function φ n of J n gJ n approaches the Dirac measure at g as n approaches`8. Thus, if v, w P V then m ξw,ξv pφ n q converges to m ξw,ξv pgq. By ( [DHS] Corollary 2.11) the constant termJpc v,w b φ n q converges to WMpc v,w qpgq. We deduce the Theorem from (3.7).
